ABSTRACT A novel hybrid method of spatially filtered finite-difference time-domain (SF-FDTD) scheme and subgridding technique is presented to analyze the multiscale objects. Because of the controllable stability of the SF-FDTD scheme, which is applied in the subgrid region, the uniform temporal increment can be employed in the whole simulation region. Therefore, the temporal interpolation of the field components can be avoided at the coarse-dense grids connecting boundary. In addition, by selecting the appropriate spatial interpolation field points in the Yee cells and only eliminating the unstable frequency domain magnetic fields, the influence of the filtering operation at the connecting boundary is removed. The simulation results are presented to validate the accuracy and efficiency of the hybrid method.
I. INTRODUCTION
Limited by the Courant-Friedrich-Levy (CFL) condition, the maximum temporal increment in the finite-difference timedomain (FDTD) method [1] - [4] is restricted by the minimum grid size. Thus, the unified tiny grid which is used for the multiscale objects is the biggest restriction that reduces the efficiency of the FDTD algorithm. To improve the efficiency of the FDTD method, the subgridding technique is developed [5] , [6] . In the early study, the fields both in coarse and dense grid regions are calculated by the conventional FDTD method. In order to satisfy the CFL conditions, multi-time steps must be used. Therefore, both the spatial and the temporal interpolations of the field components are required at the interface between the coarse and dense grid regions. These spatial and the temporal interpolations will inevitably cause the late time instability. To remove the stability condition in the subgrid region, some implicit FDTD methods, like the unconditionally alternating direction implicit (ADI) method and the weakly conditionally hybrid implicit explicit (HIE) method are developed to update the field components in the subgrid region [7] - [9] . However, intricate implicit solutions of the implicit approaches make the combination of The associate editor coordinating the review of this manuscript and approving it for publication was Vittorio Degli-Esposti.
unconditionally stable FDTD methods and subgridding technique very sophisticated. Fortunately, a simple but effective way to extend the CFL condition called the spatially filtered FDTD (SF-FDTD) scheme was proposed [10] . The main idea of the SF-FDTD is to apply the low-pass filter to eliminate the unstable spatial harmonics. This method retains the classical FDTD updating equations and needs to perform a spatial filtering process at each update cycle. However, the accuracy of the simulated results will be compromised when the spatial filtering procedure is directly used in the subgrid region, as the value of the fields at the interface is obtained by spatial interpolation which will induce field discontinuous at the boundary of the coarse-dense.
The spatial field components on the boundary correspond to the high frequency components in the frequency domain. Hence, the filtering operation in the SF-FDTD algorithm will discard the useful information. Eventually, the removal of the information at the boundary will affect the accuracy of the final result.
To eliminate the shortcoming of the filtering process in the subgrid domain, a novel hybrid method of spatially filtered FDTD algorithm and subgridding technique is presented. By selecting the appropriate spatial interpolation field points in the Yee cells and only eliminating the useless unstable magnetic field components in the frequency domain, the influence of the filtering process at the boundary between the two regions is avoided. Additionally, comparing with other subgridding techniques, the novel hybrid method proposed in this letter is simple and easy to be executed in the practical application.
II. THE APPLICATION OF SF-FDTD METHOD IN SUBGRID REGION

A. EXTENSION OF THE CONVENTIONAL CFL LIMIT
To control the numerical dispersion of the FDTD method, the size of spatial sampling need to satisfy 0.1λ min . This requirement implies that the useful part of the numerical wavenumbersk is in the rangek < 0.2π and the rest of them are hardly excited [7] . Supposing that the numerical wavenumbersk is confined to a radiusk max (k <k max ) and the grid size in three directions are equal ( x = y = z = ), then the new N D (N = 1, 2, 3) stability condition would be
where t CFL_N D is the conventional N D CFL limit and CE denotes the expended factor of CFL. According to equation (2), CE is reduced to 1/ sin π /(λ min
If /λ min = 0.1, then CE = 1/ sin 0.1π / √ N , which means the standard CFL limit can be extended for about 5.544 times by filtering out unstable spatial harmonics in 3D FDTD method (N = 3). Furthermore, CE is larger than 5.544 when < 0.1λ min .
B. NUMERICAL DISPERSION ANALYSIS
The numerical dispersion of the SF-FDTD scheme is developed from that of the standard FDTD algorithm. Assuming x = y = z = and k x ,k y ,k z = k sin θ cos ϕ,k sin θ sin ϕ,k cos θ , then the numerical dispersion relation of the 3D-FDTD method is written as Equation (5) describes the relation between ω /c andk . For the numerical solutions, the angular frequency ω is a linear function ofk. Fig. 1 shows a plot of ω /c with respect tok at θ = π/8 and ϕ = π/8 (similar results will be obtained for other θ and ϕ). Dispersion relations for different values of L are depicted in Fig.1 . One can see that if L 0.577(L1,L2,L3), the FDTD method nearly has the same dispersion relation with the analytical solution fork < 0.2π . Additionally, the rest part wherek > 0.2π are hardly excited when 0.1λ min . Therefore, only maintaining the low frequency spatial spectrum will not affect the calculation accuracy of the FDTD method. The normalized cutoff radius for the lowpass filter is defined as π r =k max /2. Notably, if L > 0.577, the numerical dispersion relation of the traditional FDTD differs from the analytical in the rangek < 0.2π . In practice, the grid size in subgrid region is at least one-twentieth of the minimum simulated wavelength ( 0.05λ min ). Hence, the useful part of the wavenumbersk is in the range of k < 0.1π . According to the numerical dispersion relation of L4, we can see that the numerical dispersion of the SF-FDTD method is bad than the standard FDTD method with the increasing of k . However the SF-FDTD scheme is developed to calculate the fields in the subgrid region, the numerical dispersion error could be neglected.
C. ARRANGEMENT OF FIELD COMPONENTS IN THE YEE CELLS
The discrete spatial positions of the fields in the dense grid are the same as the one used in the coarse grid. Fig. 2 (a) illustrates the field distribution in the calculation domain operating in TEz case. E x , E y and H z represent the fields in the coarse grid region. e x , e y and h z represent the fields in the dense grid region. The grid ratio R is equal to 3 in the simulation domain. Actually, an accurate result can be got whether the value of R is odd or even. However the application of the subgridding technique in FDTD method is more difficult when the value of R is even. In the multi-grid region, the electromagnetic field information exchange at the interface is essential for ensuring accuracy and stability. The exchange method of the field information is depicted in Fig. 2 (b) . The collocated e x and e y fields (red arrows) on the interface are replaced by the E x and E y, fields, respectively. The non-collocated e x and e y fields (blue arrows) on the interface are obtained using the spatial interpolation method. The collocated h z fields (black circle with a yellow dot), which each is assigned to one and a half of a coarse grid that is divided into a dense grid, are transferred to the corresponding H z fields. Fig. 2 (b) shows the schematic of linear interpolation operation, the noncollocated e x1 and e x2 fields are obtained using
To synchronize the time-steps used in the main grid and dense grid regions, CE equal to ×α3 is used in the SF-FDTD scheme, which corresponding to the discrete grid ratio R = 3, the coefficient α denotes the times of the coarse grid CFL limitation. Notably, the filter operation should be applied to the h z fields in the spatial-frequency domain. The field components e x and e y on the interface are obtained by spatial interpolation, this will induce field discontinuous due to the approximate processing. Hence, the calculation on the interface will contain the high frequency components when these magnetic fields are transformed into the frequency domain. The high frequency components in the dense grid region might be discarded by the low-pass filter. However, these high frequency components are in our considered frequency range. Fortunately, the h z fields in the subgrid region can be updated regularly without any special boundary processing.
So the tangential e x and e y fields at the interface are maintained when only performing the spatial filtering on the spatial-frequency h z fields in the dense grid region. Finally, the interpolation boundary at the two grids is not disturbed by the spatial filtering processing. At last, the calculation procedure can be summarized as follows and Fig. 3 shows the flowchart: 1) Calculate the H z fields using the conventional FDTD algorithm.
2) The spatial interpolation method is used to obtain the non-collocated e x and e y fields at the coarse-dense grid boundary, and then the collocated e x and e y fields on the interface are assigned with the value of the corresponding E x and E y fields. 3) Calculate the h z fields using the SF-FDTD scheme.
Then calculate the e x and e y fields using the FDTD algorithm. 4) Transfer the h z fields which each is assigned to one and a half of a main grid that is divided into a dense grid, to the collocated H z fields. 5) Calculate the E x and E y fields using the conventional FDTD algorithm.
III. NUMERICAL RESULTS
Firstly, a periodic waveguide structure is investigated to demonstrate the accuracy and the efficiency of the novel hybrid method. The size of the waveguide is indicated in Fig. 4 , the solid lines are PECs. A region contains the slit (marked by the dashed line block) is discretized by the dense grids, and the remaining part is discretized by the coarse grids. The size of the subgrid region is 0.72 m × 0.72 m. The coarse grid size is 0.03 m, and the dense grid size is 0.05/R m (R = 3). The time increment is set to 0.98 times of the CFL limit of the coarse grid. Hence, the subgrid region contains 24 × R dense grids. A plane wave driven with a Gaussian source is used as the excitation, the Gaussian pulse function is exp(-(t-t 0 ) 2 positioned at the dense grid domain (e z ). The computation domain is terminated with the CPML.
The time domain waveform and the transmission coefficient (S 21 ) measured at the probe point are depicted in Fig.5 and Fig.6 . It's shown that the results of our hybrid method are better than that of the coarse grid FDTD method. Additionally, for comparative study between the proposed method and coarse grid FDTD method, relative errors (E rr ) in dB at the probe point are estimated by using the following formula where E z (t) refers to the numerical result at the probe point and E ref z (t) denotes the reference solution. The denominate of equation (8) (max E ref z (t) ) denotes the maximum value of the reference field. For the sake of comparison, the simulated result of the dense grid FDTD method is used as a reference solution. Less relative error of the hybrid method is depicted in Fig.7 by comparing with the coarse grid FDTD method in the whole simulation process.
The simulation time and memory consumption for the three cases are given in Table I . The hybrid method shows a good compromise between the computational costs of the coarse grid FDTD and the accuracy of the dense grid FDTD.
To investigate the accuracy of the proposed method in simulating complex electromagnetic problem, a 3D frequencyselective structure (FSS) with a unit cell of slot arrays is simulated, as shown in Fig.8 . A planar with a 0.02 m × 0.1 m slot is assumed, which is perpendicular to y-coordinate. To accurately capture the field components value near the slot, the grid size in the region around the slot is chosen to be 0.005/R m (R = 3) and the rest of the domain is discretized by the coarse grid which is equal to 0.005 m. The form of the vertical incident plane electromagnetic wave source is the same as the one used in the first example, where Ts = 0.23 ns and t 0 = 4 Ts. Similarly, both ends of the structure are terminated by the CPML. Fig.9 depicts the magnitude of the transmission coefficients of the numerical schemes. For comparison, the result of the conventional dense grid FDTD method is used as a benchmark. It's been clearly showing that, the hybrid method has less calculation error than the coarse grid FDTD method which established the proposed method as a suitable technique for simulating multiscale structures.
IV. CONCLUSION
In this letter, a novel hybrid method of spatially filtered FDTD method and subgridding technique is proposed. The stability and dispersion analysis of the spatially filtered FDTD scheme confirm that this method is a better choice to update the field components in subgrid region. Simultaneously, numerical results validate that the proposed algorithm has benefit in improving the computing efficiency and decreasing the resources cost. Finally, our hybrid approach is stable and easy to implement, and provides a more effective way to analyze the multiscale structures.
